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Abstract
We give a further study on chiral phase diagram in the improved soft-wall AdS/QCD model
with 2 + 1 flavors. The equations of motion for the octet pseudoscalar, vector and axial-vector
mesons are derived to compute the octet meson spectra and relevant decay constants, by which the
model parameters are determined. The chemical potential effects on thermal transition of chiral
condensate are investigated, which enables us to obtain the chiral phase diagram in the µ − T
plane. We find that the critical end point linking the crossover transition with the first-order phase
transition still exists and locates at (µB, Tc) ' (390 MeV, 145 MeV), which along with the crossover
line are consistent with lattice result and experimental analysis from relativistic heavy ion collisions.
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I. INTRODUCTION
As an important research area of quantum chromodynamics (QCD), there are still many
puzzles on the phase transition of strongly interacting matters. Lattice simulations show
evidence that the QCD matters exhibit a crossover transition with the increase of temper-
ature T at zero baryon chemical potential [1–3]. It is generally believed that there is a
critical end point (CEP) at some finite chemical potential in QCD phase diagram, and the
crossover transition converts into first-order phase transition as the baryon chemical poten-
tial µB increases beyond the CEP [4–6]. The physics of the CEP and the search of it are
crucial for our understanding of QCD phase diagram, which have attracted extentive studies
for decades, both theoretically and experimentally [7, 8]. However, no final conclusion has
been reached on these matters. Lattice QCD as the first-principle calculation is hindered
by the sign problem at finite chemical potential, though some tentative methods have been
proposed to address this issue [9–12]. The QCD phase diagram and the relevant properties
of CEP have also been studied in various effective models, see Ref. [7] for a review.
In this work, we continue the holographic QCD program aimed to study the low-energy
physics of strong interaction in terms of the anti-de Sitter/conformal field theory (AdS/CFT)
correspondence [13–15]. There have been large amounts of holographic studies on the low-
energy hadron physics over the past decades, including hadron spectrum, QCD thermody-
namics and many other properties [16–71]. Although AdS/CFT has been taken as a powerful
tool in the description of low-energy QCD, a caveat must be given here on the validity of
this method in view of the assumption of large N limit and the supergravity approximation
that may be invalid in the ultraviolet (UV) region of QCD with asymptotic freedom. The
string loop correction is indeed required to provide an adequate account of QCD thermo-
dynamics in the holographic framework. Nevertheless, in the current stage, we still need a
down-to-earth treatment in order to understand the holographic picture of low-energy QCD.
This work focuses on chiral transition in AdS/QCD with 2 + 1 flavors, especially on the
CEP-related properties of chiral phase diagram. We remark that a more realistic descrip-
tion for QCD phase diagram demands a detailed study on the equation of state, which is
intimately related to the dual gravity background [45–54]. Following the previous studies
[72–81], we just adopt a fixed black hole background to study the thermodynamical behav-
iors of chiral transition that comes from the flavor sector of AdS/QCD. We expect that the
sensible chiral transition behaviors obtained from our model can still be generated somehow
from AdS/QCD with dynamical background.
In Ref. [82], we proposed an improved soft-wall AdS/QCD model with linear confine-
ment and spontaneous chiral symmetry breaking in the two-flavor case, where the light
meson spectra and the properties of chiral transition have been studied in detail. We then
generalized this two-flavor AdS/QCD model to the 2 + 1 flavor case, where a ’t Hooft deter-
minant term of the bulk scalar field turns out to be crucial for the description of quark-mass
phase diagram [83]. The chemical potential effects on chiral transition have also been stud-
ied in this model, where the chiral phase diagram in the µ−T plane can be obtained with a
CEP linking the crossover transition with the first-order phase transition [84]. However, the
model parameters in the aforementioned works are all tuned artificially to generate correct
chiral transition behaviors, without any constraint from low-energy hadron properties. In
this work, we try to compute the octet meson spectra and the related decay constants in
the improved soft-wall AdS/QCD model with 2 + 1 flavors, by which the model parameters
can be constrained and the relevant properties of chiral transition at finite baryon chemical
potential can be investigated.
The paper is organized as follows. In Sec. II, we outline the improved soft-wall AdS/QCD
model with 2 + 1 flavors. In Sec. III, we first derive the equation of motion (EOM) of octet
pseudoscalar, vector and axial-vector mesons, and then fit the model parameters by the
octet meson spectra and the related decay constants. In Sec. IV, we investigate the chiral
transition behaviors at finite µB, from which the chiral phase diagram in the µ − T plane
can be obtained. In Sec. V, we come to a brief summary of our work and conclude with
some remarks.
II. THE IMPROVED SOFT-WALL ADS/QCD MODEL WITH 2 + 1 FLAVORS
The improved soft-wall AdS/QCD model is constructed on the background of AdS5 space-
time with the metric ansatz
ds2 = e2A(z)
(
ηµνdx
µdxν − dz2) , (1)
where ηµν = (+1,−1,−1,−1) and A(z) = −log zL (the AdS radius is set to be L = 1 for
simplicity).
The bulk action of the improved soft-wall AdS/QCD model with 2 + 1 flavors can be
written as
S =
∫
d5x
√
g e−Φ(z)
[
Tr{|DX|2 −m25(z)|X|2 − λ|X|4 −
1
4g25
(F 2L + F
2
R)} − γ Re{detX}
]
,
(2)
where the covariant derivative of bulk scalar field has the form DMX = ∂MX − iAML X +
iXAMR , and the field strength FMNL,R = ∂MANL,R−∂NAML,R−i[AML,R, ANL,R] with the chiral gauge
field AML,R = A
a,M
L,RT
a = 1
2
Aa,ML,Rλ
a, where Tr(T aT b) = 1
2
δab and λa denote Gell-Mann matrices.
The gauge coupling is g25 = 12pi2/Nc with Nc being the color number [17]. The running mass
of bulk scalar field takes the form m25(z) = −3−µ2c z2 with the constant term −3 determined
by the mass-dimension relation in AdS/CFT [17] and the infrared (IR) asymptotics of m25(z)
empirically related to the low-energy hadron properties [82]. To give a better fitting for the
ρ meson spectrum, we will use a modified dilaton field in this work,
Φ(z) = µ2g z
2
(
1− e− 14µ2gz2
)
, (3)
which has the IR limit Φ(z → ∞) ∼ z2 to reproduce the Regge spectra of highly excited
mesons. Here we remark that the ultraviolet (UV) asymptotics of Φ(z) has little effects on
the properties of chiral phase diagram and other meson spectra in our framework. The ’t
Hooft determinate term Re{detX} has been introduced into the bulk action for the correct
realization of chiral transition in the 2 + 1 flavor case [59].
The vacuum expectation value (VEV) of bulk scalar field takes the form
〈X〉 = 1√
2
χu(z) 0 00 χd(z) 0
0 0 χs(z)
 (4)
with χu = χd for the 2 + 1 flavor case. The action of the scalar VEV 〈X〉 can be obtained
from the bulk action (2) as
Sχ =
∫
d5x
√
g e−Φ(z)
[
Tr{∂z 〈X〉 ∂z 〈X〉 −m25(z) 〈X〉2 − λ 〈X〉4} − γ det 〈X〉
]
, (5)
from which the EOMs of χu and χs can be derived as
χ′′u + (3A
′ − Φ′)χ′u − e2A
(
m25χu + λχ
3
u +
γ
2
√
2
χuχs
)
= 0, (6)
χ′′s + (3A
′ − Φ′)χ′s − e2A
(
m25χs + λχ
3
s +
γ
2
√
2
χ2u
)
= 0, (7)
which are coupled with each other as a result of the ’t Hooft determinate term of the bulk
scalar field.
The UV asymptotic forms of the scalar VEV χu,s near the boundary can be obtained
from Eqs. (6) and (7) as
χu(z ∼ 0) = 1√
2
[
mu ζ z − 1
4
mums γ ζ
2 z2 +
σu
ζ
z3 +
1
16
muζ
(
−1
2
m2s γ
2 ζ2
−1
2
m2u γ
2 ζ2 + 4m2u ζ
2 λ− 8µ2c
)
z3 log z + · · ·
]
, (8)
χs(z ∼ 0) = 1√
2
[
ms ζ z − 1
4
m2u γ ζ
2 z2 +
σs
ζ
z3 +
1
16
msζ
(−m2u γ2 ζ2
+4m2s ζ
2 λ− 8µ2c
)
z3 log z + · · ·
]
, (9)
where mu,s denote current quark masses and σu,s denote chiral condensates, and the nor-
malization constant ζ is fixed as ζ =
√
Nc
2pi
[26]. The coefficient 1√
2
is necessary to attain
the Gell-MannâĂŞOakesâĂŞRenner (GOR) relation m2pif 2pi = 2muσu for the two-flavor case
[17]. The IR asymptotics of scalar VEV should take the linear form χu,s(z → ∞) ∼ z to
generate the mass split of chiral partners [82]. With the above UV asymptotic forms and
the IR boundary conditions, the scalar VEV χu,s can be solved numerically from Eqs. (6)
and (7), and the chiral condensates σu,s can be extracted.
mu(MeV) ms(MeV) µg(MeV) µc(MeV) λ γ
3.24 98 480 877.8 130 -69.53
TABLE I. The input values of model parameters in the numerical calculation. The quark masses
mu,s are taken from Ref. [85].
III. OCTET MESON SPECTRA AND DECAY CONSTANTS
A. Input parameters
Now we consider the octet meson spectra and the related decay constants, which will be
used to constrain the model parameters µg, γ, λ and µc. The parameter µg can be fixed
by the ρ meson spectrum, while the parameters γ and λ can be determined by pi meson
spectrum and pion decay constant. The last parameter µc is strongly correlated with the
chemical potential value of CEP, and it also affects the global fitting of octet meson spectra.
The physical quark masses mu,s are slightly tuned within the error range of experimental
data in order to attain the best fitting for the ground-state masses of octet pseudoscalar
mesons.
We first derive the EOMs of octet pseudoscalar, vector and axial-vector mesons from the
linearized action of relevant bulk fields, and then we compute the mass spectra of these octet
mesons and related decay constants. The fixed parameter values are listed in Table I.
B. Octet pseudoscalar mesons
Following the usual procedure, the bulk scalar field X can be decomposed into
X = ξ(X0 + S
aT a + S0T 0)ξ, ξ = exp(iT apia), (10)
where pia are pseudoscalar fields and Sa (S0) are SU(3) octet (singlet) scalar fields. We
will neglect the scalar part in our work. In the axial gauge Az = 0, the axial gauge fields
can be written as Aaµ = Aaµ⊥ + ∂µφa to eliminate the cross terms of the pseudoscalar and
axial-vector fields. With the Kaluza-Klein (KK) decomposition pia(x, z) =
∑
n ϕn(x)pi
a
n(z),
the EOMs of octet pseudoscalar mesons can be derived as
∂z
(
eA−Φ∂zφan
)
+ 2g25e
3A−Φ(M2A)ab
(
pibn − φbn
)
= 0, (11)
m2n∂zφ
a
n − 2g25e2A(M2A)ab∂zpibn = 0 (12)
with
M2A =
χ2u13×3 0 00 1
4
(χu + χs)
214×4 0
0 0 1
3
(χ2u + 2χ
2
s)
 , (13)
n pi exp. (MeV) Model K exp. (MeV) Model η exp. (MeV) Model
0 139.57 139.57 493.677± 0.016 492.85 547.862± 0.017 585.19
1 1300± 100 1447 1460 1472 1476± 4 1485
2 1812± 12 1817 1874± 43 1836 1751± 15 1846
TABLE II. The model results of the mass spectra of octet pseudoscalar mesons, which are compared
with experimental data taken from the suggested quark-model assignment for the observed light
mesons [85].
which can be solved numerically with the boundary condition pian(z → 0) = φan(z → 0) =
∂zφ
a
n(z →∞) = 0.
The computed mass spectra of octet pseudoscalar mesons are presented in Table II, where
the experimental data are also shown for comparison. The data choosing is based on the
suggested quark model assignments for the observed light mesons [85].
C. Octet vector and axial-vector mesons
The chiral gauge fields are recombined into the vector field V M = 1
2
(AML + A
M
R ) and the
axial-vector field AM = 1
2
(AML − AMR ). In the axial gauge Vz = Az = 0 and with the KK
decomposition, the EOMs of octet vector and axial-vector mesons can be derived from the
bulk action (2) as
∂z
(
eA−Φ∂zV an
)− 2g25e3A−Φ(M2V )abV bn +m2V an eA−ΦV an = 0, (14)
∂z
(
eA−Φ∂zAan
)− 2g25e3A−Φ(M2A)abAbn +m2AaneA−ΦAan = 0, (15)
where the matrix M2A is given in (13) and M2V has the form
M2V =
03×3 0 00 1
4
(χu − χs)214×4 0
0 0 0
 . (16)
Note that the octet axial-vector mesons are incorporated in the transverse part of axial
gauge fields Aaµ⊥.
In terms of the redefinitions V an = eω/2van and Aan = eω/2aan with ω = Φ−A, the Eqs. (14)
and (15) can be transformed into the Schro¨dinger form
∂2zv
a
n +
(
1
2
ω′′ − 1
4
ω′2
)
van − 2g25e2A(M2V )abvbn +m2V an van = 0, (17)
∂2za
a
n +
(
1
2
ω′′ − 1
4
ω′2
)
aan − 2g25e2A(M2A)ababn +m2Aanaan = 0. (18)
n ρ exp. (MeV) Model K∗ exp. (MeV) Model φ exp. (MeV) Model
0 775.26± 0.25 775.1 891.76± 0.25 775.2 1019.461± 0.016 775.1
1 1465± 25 1335 1421± 9 1336 1680± 20 1335
2 1720± 20 1714 1718± 18 1714 2188± 10 1714
TABLE III. The model results of the mass spectra of octet vector mesons, which are compared with
experimental data taken from the suggested quark-model assignment for the observed light mesons
[85].
n a1 exp.(MeV) Model K1 exp.(MeV) Model f1 exp.(MeV) Model
0 1230± 40 1115 1272± 7 1121 1426.4± 0.9 1122.8
1 · · · 1525 · · · 1528 · · · 1530
2 · · · 1854 · · · 1856 · · · 1857
TABLE IV. The model results of the mass spectra of octet axial-vector mesons, which are compared
with experimental data taken from the suggested quark-model assignment for the observed light
mesons [85].
The mass spectra of octet vector and axial-vector mesons can be obtained by solving the
eigenvalue problem of Eqs. (17) and (18) with the following boundary condition
van(z → 0) = 0, ∂zvan(z →∞) = 0; (19)
aan(z → 0) = 0, ∂zaan(z →∞) = 0. (20)
The numerical results are presented in Table III and IV, where only the data of ground-
state mesons in the axial-vector octet have been shown in consideration of experimental
uncertainty [85]. We find that the mass spectra of φ and f1 computed from the model
have large discrepancies with experimental values. This is due to the fact that the EOMs
of isovector and isosinglet states in the vector octet are of the same form as a result of
the specific M2V , while the flavor symmetry breaking terms built in M2A differ so little from
each other that cannot distinguish the masses of different axial-vector mesons. One might
introduce high-order terms into the bulk action to improve the model results of vector and
axial-vector meson spectra without affecting the pseudoscalar part, e.g., D[MXDN ]X†FMNL ,
D[MX
†DN ]XFMNR , XX†FMNL FLMN , X†XFMNR FRMN , XFMNR X†FLMN . However, in this
way, the predictive power would be decreased with more free parameters introduced. Thus
we will not consider it in this work. One can refer to Ref. [30] for the effects of high-order
terms on the octet meson spectra.
fpi(MeV) fK(MeV) F
1/2
ρ (MeV) F
1/2
a1 (MeV)
Exp. 92.4 110 346.2± 1.4 433± 13
Model 92.4 100 307.1 350
TABLE V. The model results and the experimental values of related decay constants [17, 85].
D. Decay constants of the pseudoscalar and (axial-)vector mesons
According to AdS/CFT [17], the decay constants of octet pseudoscalar mesons can be
extracted from the two-point correlation functions of axial-vector currents,
f 2pia = −
1
g25
eA−Φ∂zAa(0, z)|z→0, (21)
where Aa(0, z) is the solution of Eq. (15) with mAan = 0 and the boundary condition
Aa(0, 0) = 1 and ∂zAa(0,∞) = 0. It should be noted that we have taken the limit mpia → 0
in the derivation of the decay constants fpia , which is only a suitable approximation for pi
meson [17]. The decay constants of ρ and a1 mesons are given by
F 2ρ =
1
g25
(
eA−Φ∂zVρ(z)|z→0
)2
, (22)
F 2a1 =
1
g25
(
eA−Φ∂zAa1(z)|z→0
)2
, (23)
where Vρ(z) and Aa1(z) are the ground-state wave functions of ρ and a1 normalized by∫
dz eA−ΦV 2ρ =
∫
dz eA−ΦA2a1 = 1. We show the model results of the decay constants fpi, fK ,
Fρ and Fa1 along with the experimental values in Table V, where fpi is taken as an input to
determine the values of γ and λ.
IV. CHIRAL TRANSITION AND PHASE DIAGRAM
With the model parameters fixed by the octet meson spectra and the relevant decay
constants, we now study the chemical potential effects on chiral transition in the improved
soft-wall AdS/QCD model following Ref. [84]. To introduce temperature T and baryon
chemical potential µB, we adopt the AdS/Reissner-Nordstrom (AdS/RN) black hole as the
bulk background in terms of the metric ansatz
ds2 = e2A(z)
(
f(z)dt2 − dxi 2 − dz
2
f(z)
)
(24)
with
f(z) = 1− (1 +Q2)
(
z
zh
)4
+Q2
(
z
zh
)6
, (25)
where the charge Q = µqzh with zh being the event horizon of black hole and µq being the
quark chemical potential that is related to the baryon chemical potential by µB = 3µq [72].
The Hawking temperature is given by the formula
T =
1
4pi
∣∣∣∣dfdz
∣∣∣∣
zh
=
1
pizh
(
1− Q
2
2
)
(26)
with 0 < Q <
√
2.
In terms of the metric ansatz (24) of the AdS/RN black hole, the EOMs of the scalar
VEV χu,s can be derived as
χ′′u +
(
f ′
f
+ 3A′ − Φ′
)
χ′u −
e2A
f
(
m25χu + λχ
3
u +
γ
2
√
2
χuχs
)
= 0, (27)
χ′′s +
(
f ′
f
+ 3A′ − Φ′
)
χ′s −
e2A
f
(
m25χs + λχ
3
s +
γ
2
√
2
χ2u
)
= 0. (28)
By the prescription of AdS/CFT [17], the UV asymptotic forms of χu,s can be obtained
from the above EOMs with the chiral condensates σu,s now depending on µB and T . The
differences from those in Eqs. (8) and (9) are only incorporated in the high-order terms of
z. At finite µB and T , the Eqs. (27) and (28) admit natural boundary conditions on the
horizon z = zh imposed by the regular properties of χu,s,
f ′χ′u − e2A
(
m25χu + λχ
3
u +
γ
2
√
2
χuχs
)∣∣∣∣
z=zh
= 0, (29)
f ′χ′s − e2A
(
m25χs + λχ
3
s +
γ
2
√
2
χ2u
)∣∣∣∣
z=zh
= 0. (30)
As in Ref. [83], we can solve Eqs. (27) and (28) numerically with the given boundary
conditions to obtain the profiles of scalar VEV χu,s and thus the chiral condensates σu,s as
functions of µB and T . The thermal transitions of σu,s with temperature T at four different
chemical potentials are shown in Fig. 1, where the distinction between the behaviors of
σu(T ) and that of σs(T ) is due to the mass difference of mu and ms. We can see that the
chiral transition is a crossover at small µB, and eventually turns into a first-order phase
transition with the increase of µB, and in between there is a second-order one locating at
µB ' 390 MeV, which signifies the existence of CEP in the chiral phase diagram of our
model.
We compute the chiral transition temperature Tc at each baryon chemical potential µB
using the prescription given in Ref. [84]. The pseudocritical temperature for the crossover
transition can be defined as the maximum of |∂σq
∂T
|, while the critical temperature for the
first-order phase transition will be restricted to the region between two transition inflections
of the curve. The model calculations for chiral phase diagram in the µ−T plane are shown in
Fig. 2, where the CEP linking the crossover transition with the first-order phase transition
is highlighted by the red point with the location at (µB, Tc) ' (390 MeV, 145 MeV). We also
show the freeze-out data analyzed from experiments of relativistic heavy ion collisions and
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FIG. 1. The chiral transition behaviors of the condensates σu and σs with the temperature T at
µB = 0, 0.39, 0.9, 1.5GeV.
the crossover line obtained from analytic continuation of lattice data with imaginary chemical
potential [86–91]. We find that the crossover line and the location of CEP obtained from
the improved soft-wall model are consistent with experimental analysis and lattice results.
However, the descent of Tc with the increase of µB at large chemical potentials is too slow
for the model prediction. Thus we need to keep cautious on the reliability of the model
results at large µB.
V. CONCLUSION AND REMARKS
We have presented a further study on the improved soft-wall AdS/QCD model with 2+1
flavors, which can reproduce the standard scenario of the quark-mass phase diagram in terms
of chiral transition [83]. The EOMs of octet pseudoscalar, vector and axial-vector mesons
have been derived from the action of the improved soft-wall model, and the octet meson
spectra were computed and also compared with experimental data. The model parameters
are fixed by a global fitting with the experimental data of octet spectra. We find that the
improved soft-wall model gives a better description for the pseudoscalar octet spectrum than
that for the vector and axial-vector octet spectra, in which the model results for the isosinglet
states are much smaller than experimental values due to the same form of EOMs for the
isosinglet and isovector states in the vector octet and the tiny flavor symmetry breaking in
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
μB/GeV0.06
0.08
0.10
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▲ ▲ ▲ ▲ ▲ ▲
■ ■ ■ ■ crossoverfirst-order
CEP
FIG. 2. The chiral phase diagram in the µ−T plane obtained from the improved soft-wall AdS/QCD
model. The colored points with error bars are freeze-out data from experimental analysis. The
black-triangle data are taken from Ref. [86, 87], the green-triangle ones are taken from Ref. [88],
the purple squares are taken from Ref. [89], and the magenta squares are taken from Ref. [90].
The shaded black region denotes the crossover line obtained from lattice simulation at small µB,
and the light blue band indicates the uncertainty width of lattice simulation [91].
the axial-vector octet. A possible way to address this issue is to consider high-order terms
of the bulk action [30]. We have also computed the decay constants fpi, fK , Fρ and Fa1 ,
which are compared with experimental results.
We then studied the chemical potential effects on chiral transition, and obtained the chi-
ral phase diagram in the µ− T plane, where the CEP still exists and locates at (µB, Tc) '
(390 MeV, 145 MeV). The crossover line and the location of CEP are consistent with lattice
results and experimental analysis from relativistic heavy ion collisions. However, the transi-
tion temperature Tc at large chemical potential declines too slowly with the increase of µB.
In our work, the baryon chemical potential µB and the temperature T are generated by a
fixed AdS/RN black hole, yet a more sensible way to introduce these effects is to consider a
dynamical background which is solved from an Einstein-Maxwell-dilaton system, which also
enables us to study the chiral and deconfining phase transitions simultaneously in a single
holographic framework. As a preliminary attempt, we have shown that some main features
of chiral phase diagram can be captured by a simply improved soft-wall AdS/QCD model,
which might be taken as a guidance in further researches.
As an important aspect of QCD phase transition, we need to investigate the behaviors
of equation of state that can be dealt with by the Einstein-Maxwell-dilaton system at finite
chemical potential [49, 67]. The back-reaction effects of the flavor sector to the background
need also to be considered in order to clarify the phase structure of AdS/QCD. However, we
remark that the QCD phase transition cannot be completely described by the semiclassical
gauge/gravity duality even all these effects have been considered. From the large N analysis
we know that the pressure of hadron gas in the confined phase is of order one, while the
pressure in the deconfined phase dominated by color degrees of freedom is of order N2. This
must entail the string loop correction for an adequate account of thermal transition between
the two phases separated by a factor of 1/N2 suppression in the large N limit. Moreover,
there is no reason for the QCD matter produced in the heavy ion collisions to be close to
thermodynamic equilibrium, therefore, it is natural for us to expect nonequilibrium effects to
come into play in the phase transition with possible experimental signatures of CEP. Indeed,
there have been indications that equilibrium lattice QCD susceptibilities cannot account for
the moments of net-proton multiplicity distributions at low energy [92], which may be a
hint that the low-energy heavy ion collision at higher chemical potential is not really a
thermodynamic equilibrium process. Nevertheless, we are content with a phenomenological
description for low-energy QCD in terms of the bottom-up approach, which has been shown
to be able to roughly grasp the picture of chiral phase transition.
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